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Unevenly spaced time series analysis:
Case study using calcimetry data from BV-1 and BV-2 boreholes
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Abstract

Statistical analyses of calcimetric data from boreholes BV-1 (north of Podpe¢) and BV-2 (south of Crna vas) on
Ljubljansko barje in central Slovenia are given. The original data are represented as unevenly spaced time series
that are translated into evenly spaced time series. To calculate the interpolation weighted influence function, a
model based on the power correlated influence is defined. Parameter selection is performed based on the maxi-
mum entropy principle. In the reconstructed time series, autocorrelation and Fourier power spectrum analyses are
performed. In both time series, a transition from white noise to red noise was detected. Such behaviour can be de-
scribed by a Lorentz process. Red noise is the result of a stochastic process with long-term memory. This effect can
be seen predominantly in the autocorrelation function of borehole BV-1. In the calcimetric time series of borehole
BV-2, periodicity with a period between 10.0 m and 12.5 m was also detected. We suppose that this period reflects
climatic fluctuations during the Quaternary Period.

Izvlecek

V ¢lanku je obravnavana statisti¢na analiza kalcimetrijskih podatkov iz vrtin BV-1 (severno od Podpeci) in BV-2
(juzno od Crne vasi) na Ljubljanskem barju. Objavljeni podatki predstavljajo neenakomerno ¢asovno vrsto, ki jo
je bilo potrebno prevesti v enakomerno ¢asovno vrsto. V ta namen je bil postavljen intepolacijski model, ki temelji
na parametri¢ni utezni funkeiji s poten¢énim vplivom. Parameter utezne funkcije je bil izbran na podlagi principa
maksimalne entropije. Na rekonstruiranih ¢asovnih vrstah je bil izveden izracun autokorelacijske funkcije in Fou-
rierjeve spektralne analize. V obeh ¢asovnih vrstah je bil ugotovljen prehod od belega do rdec¢ega Suma. TakSen
prehod je opisan z Lorentzovim procesom. Rde¢i sum je rezultat stohasti¢nega procesa z dolgim spominom. Ti efekti
se odrazajo predvsem na avtokorelogramu vrtine BV-1. Na kalcimetrijski ¢asovni vrsti vrtine BV-2 je ugotovljena
tudi periodi¢nost s periodo med 10 m do 12,5 m. Predpostavljamo, da je ta perioda povezana s klimatskimi nihanji
v kvartarju.

Introduction

The marshy plain of Ljubljansko barje that
extends south of Ljubljana has been studied ex-
tensively since the dawn of modern science. It rep-
resents an important boundary limiting the devel-
opment of Slovenia’s capital city Ljubljana as well
as for other activities in the area, related especial-
ly to agriculture. The sediments of Ljubljansko
barje also constitute an important geological and
climatic archive. Several authors have studied

various aspects of Ljubljansko barje. The most re-
cent overview of the state of the art can be found
in Pavsi¢ (2008) and references therein. In our
attempt to study past and recent geological pro-
cesses in Ljubljansko barje, a simple consolida-
tion model has been investigated (Brenci¢, 2007).
During this study it was envisaged that data from
boreholes BV-1 and BV-2 (GrmmSi¢aAr & OCEPEK,
1967; Sovinc, 1965; SErcELI, 1965, 1966; POHAR,
1978) could be studied more thoroughly. Unfor-
tunately, until now these two boreholes are the
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only published deep boreholes from Ljubljansko
barje with more or less complete data sets. There
are many more (Mences, 1990) but data are sparse
and no details are available. With many remaining
open problems, the publication of other available
data and even the drilling of new boreholes is ur-
gently needed.

In 1959, the BV-1 borehole was drilled down
to the dolomite basement to a depth of 103.80 m
in the area between Notranje gorice and Podpec,
and, in 1962, the BV-2 borehole was drilled south
of Crna vas (Fig. 1) to the dolomite basement at
116.80m (GriMSICAR & OCEPEK, 1967; PoHAR, 1978).
In the present paper, data of carbonate concentra-
tions (represented as mass ratio of CO, or CaCO,
in the sample) from boreholes BV-1 (GriMSICAR &
OcEPEK, 1967) and BV-2 (PoHAR, 1978) are analysed
based on statistical time series techniques. The
article consists of two parts that are equally im-
portant. In the first part, an unevenly spaced time
series was studied by an interpolation technique
based on a weighted influence function. Data of
CO, or CaCO, concentrations along the borehole
core (borehole depth) in BV-1 and BV-2 can be de-
scribed as an unevenly spaced time series where
time (length) distances between particular data
are not equal. These differences have some empi-
rical distributions. For this type of data, several
statistical techniques have been developed (e.g.
DicGLE, 1990), however our calculations were de-
fined by independent consideration and we have
developed our own statistical model. Therefore,
the method also represents a new contribution to
the data reduction of unevenly spaced time series.
Based on this model, we have reconstructed an
equally spaced data time series which was the ba-
sis for the second part of the paper. In the second
part, the structure of the time series was explored
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with an autocorrelation function in the time do-
main and with a power spectrum in the frequency
domain. The periodicity of the data was extracted
and the types of noise contained in the signal were
analysed. An attempt was made to interpret the
results from a sedimentation point of view.

Methods
Data reconstruction

Data for the analyses were obtained by digitiza-
tion of originally published borehole profiles given
in the works of GrimSi¢ar & OcEPEK (1967) and Po-
AR (1978). The diagram showing the CO, profile
in borehole BV-1 was digitized by scanning all the
data points on the borehole diagram (Grimv$icar &
OcEPEK, 1967). In the diagram of the CaCO, profile
in borehole BV-2 (Ponar, 1978), data points were
not given. In this case digitization was performed
along a line and data points chosen where a dis-
continuity was observed in the line. These values
are probably not exactly the same values as the
data obtained in the laboratory by the authors of
the original paper. Unfortunately, data especially
for borehole BV-2 are not published and are not
available to the author. However, because we are
not particularly interested in the particular values
of the carbonate concentration, but more in the
general shape of the curve along the borehole, we
believe that data obtained with digitization of
published diagrams are suitable for our analyses.

From the published data, it follows that values
of the CO, ratio in borehole BV-1 (Grimmsicar &
OcEePEK, 1967) and of CaCO, ratio in BV-2 (PoHAR,
1978) are not directly comparable. Unfortunately
information about analytical methods for CO, and
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Figure 1. Position of boreholes BV-land BV-2 at Ljubljansko barje (summarized and adapted according to GrivSi¢ar & OCEPEK,

1967)
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CaCO, determination are very sparse. GRIMSICAR &
OcepPek (1967) report a calcimetric analysis with
HCI acid in the ratio of 1:2.5 where they probably
measured the mass ratio between sample and di-
luting agent. Readings were controlled for pure
calcite and the precision of the reading was 0.1%.
No information about the grain size of the sam-
pled sediment is available. Ponar (1978) report
that samples were weighed and sieved and grains
smaller than 1 mm were used for the CaCO, deter-
mination. How the determination of CaCO, was
performed is not reported.

Because both boreholes BV-1 and BV-2 were
drilled within a short period of time and, in both
cases, experts from the same institutions were in-
volved and were cooperating on the project, we
can suppose that determination of CO, and CaCO,
were performed by calcimetry on the same or simi-
lar fraction of the sediment sample. Therefore we
have to recalculate concentrations of CaCO, in
BV-2 based on molar masses derived from the ra-
tio of CO, concentrations. By such a transforma-
tion, we obtain data on comparable scales.

Time series analyses

Suppose that X = {x,, x,, ..., X;, ..., X,} 1S a ran-
dom vector where values x,, X,, ..., X, ..., X, are
defined at time coordinates t = 1,2, ..., n. If At =
t., — t,=t,— t,,, the time series is evenly spaced. If
At =t — t; # t—t,,; then the time series is uneven
and data are not equally spaced. Irregular time se-
ries data are common when equally spaced data
cannot be obtained owing to limitations of data
access, or more often in cases when natural condi-
tions do not allow equally spaced sampling. Such
cases are very frequent in stratigraphy. The reader
interested in regular time series analyses can find
more information elsewhere (e.g DicGLE, 1990; WE-
EDON, 2003).

For the regular time series, the 7-th autocovari-
ance coefficient is defined as:

& = Z (x,. ~xj(x,_r —xj/n
i=k+1

where the mean value of random vector X is de-
fined as:

. n
X = Z.\‘, /n
i

Index t represents a time lag. The definition of
the empirical r-th autocorrelation coefficient r, fol-
lows from this result. It represents an estimate of
the function p(t) of the stochastic process X that
gave rise to sample defined as X. The r-th autocor-
relation coefficient r, is defined as

h=g.18

where g, is the autocovariance at time lag r=0. A
diagram of r, versus t is defined as an autocorrela-
tion diagram that defines the structure of the time
series in the time domain. Time series analysis can
also be performed in the frequency domain, where

components of periodic trends inside the time se-
ries can be detected by harmonic analysis. We as-
sume that the time series y, can be modelled as:

¥, = 2l cos(n) + B sin(@n)} + U()
i=]

where:

a, f; are parameters to be estimated from the
data,

) is the frequency of cyclic fluctuations de-
fined as w = 2n/p where p is the period,

U(t) is a random component.

We can define:

A = Z_v, cos(w,t)

i=l

B = Zy, sin(w,t) and
i=1

C, =[4*+B?]

where C, denotes periodogram ordinates. A plot
of C; as ordinate against frequency  is called the
power spectrum of y,.

Interpolation procedure

From the definitions given above for g, it is not
possible to calculate the autocorrelation diagram
in an unevenly spaced time series. It can be calcu-
lated from the variogram (DiGcGLE, 1990) or from a
regular time series reconstructed by interpolation
techniques from the original unevenly spaced time
series. Interpolation of an irregular time series to
a regular time series is feasible only if the den-
sity of observation points is large enough. From
the Parseval theorem, it follows that the smallest
frequency and information from it depends on the
distance At between observations.

Suppose that the random vector X, is a sample
of a stochastic process so that At =t , —t, =t -t
is valid. The X, represents an evenly spaced time
series. Suppose also that random vector X, is a
sample of a stochastic process so that At =t,, —t, #
t,—t,,;. The X, represents an unevenly spaced time
series. Random vectors X, and X, correspond to
each other if the relation X, | At = X, | At,,,, is valid.
Interpolation is defined as a procedure where ran-
dom X, is transformed into correspondence vector
X, so that X, = {Xy, Xy, o5 Xaf = X, = X5 1X) w55 2%
X,, ..., X,} where X, ..., ;X represent interpolated
values for which At=t, —;t= t—,,t =.t—-t,= At
is valid.

From the sedimentation processes, it follows
that the properties of adjacent sediments or rocks
in the vertical stratigraphical column and there-
fore in the time series are correlated. In sedimen-
tology, we are very much interested in the value
of this correlation and whether some periodicity
exists in the data.
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In the reconstruction of an evenly spaced time
series, an a priort dependence model between the
data must be proposed. A dependence model based
on a weighted influence function W, defined as

WI — A,iftl

is proposed, where At; denotes the distance be-
tween successive data points in an unevenly
spaced time series and a is a weighting parameter.
If a>0, the influence of particular data at t; reduces
with distance. The level of reduction is defined by
parameter a. At large a, the influence of x; dimi-
nishes quickly and at small a, it reduces slowly.

Parameter a can be defined based on the ex-
pert’s judgment. However, it is better to find an
independent procedure for selection of the para-
meter a. There are many possible procedures. For
the selection process in our analyses, we have used
the maximum entropy principle based on a defini-
tion of the entropy E (e.g. Ross, 1989):

E=-3 plogp,,

where p; is the probability of a particular event
from stochastic processes X estimated from the
frequencies in random vector X,. It was hypothe-
sized that a maximum amount of information is
available in the reconstructed time series X, ob-
tained with parameter a, when the entropy E,.. |
(E.,E., ..., E,)is maximum.

Kernel densities

In a classical statistical analysis, the empiri-
cal distribution of the data is usually represented
by an histogram. Although many approaches for
the determination of histogram class width can
be found in the literature, they are still biased
representations of the real data. Alternative ways
for graphically representing the data is the ker-
nel density approach (e.g. WiLLiams, 1997; REeiss
& Tuowmas, 1997). According to this method, the
probability density g,(x,k(x)) for particular data
is estimated as:

1 X=X,
x,k(x))=—1%k .
gh(\" (Y)) Nh ( b ja

where k(x) is the kernel such that
[k(pydy =1

and where b is the bandwidth and b>0. We have
used the Epanechnikov kernel (Reiss & THoOMAS,
1997):

k(x)= %(1 ~x)I(-1<x21)

In summing up the single terms, one gets the
kernel density (Reiss & Thomas, 1997):

1 X=X,
C(x) = E X k(x)) = — y
Twa(%) i<N 8, (%, K(x)) Nb,'g.vk( b j
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Calculation procedures

After digitization, the data taken from the ori-
ginal publications were analysed by the kernel
density approach and basic descriptive statistics
were calculated. It was decided that, for interpo-
lation purposes, a minimum distance At,;, would
be used for a regular time series reconstruction.

An interpolation was performed based on
spreadsheet calculations performed by macros
written in Excel. In the first step, all possible dif-
ferences At between unevenly spaced data t; and
data interpolated at the step At were calculated
as 1A L=ty 1A ttol, -v s A tmtals oe s 1Aptm=tol.
Then, each of the IAt,,,-t)"* terms was calculated
over a chosen interval of z < a < w, where z and w
are any rational numbers. At each At,;, and x; in
the original data from the unevenly spaced time
series, terms x;,IAt, -t were calculated. The final
values x; at Ait,,,, were obtained as

n

Z xi |Aifmin - fi ]ﬂl

o 1
n
A —da
Z l itmin—,i|
i

The ,x; values in fact represent weighted ver-
sions of the x; values in the original data, with
the distance between the original data raised to
a power.

The maximum entropy was estimated based on
a measure p, of the area between two adjacent x;,
x;,; data points in the particular parameter a re-
constructed on the evenly spaced time series.

All autocorrelation functions and power spectra
were calculated with the Statistica 6.0 statistical
package. Kernel densities were estimated with the
program X,R;M,S (Reiss & Traomas, 1997) where
automatic bandwidth selection as well as manual
bandwidth determination were chosen.

=%

Results

Digitization results of calcimetry data from
Grmv$icarR & Ocepek (1967) are given in Table 1
and results from Ponar (1978) are given in Table 2.
Both tables are also represented in the diagrams
on Figure 2 where concentrations are expressed in
% mass ratio of CO,. Data obtained form the digi-
tization procedure are well in accordance with the
diagrams from the original sources (GrRmMSICAR &
OcEPEK, 1967; PoHAR, 1978). From borehole BV-1,
93 data points were obtained and, from borehole
BV-2, 123 data points were obtained. The kernel
densities of both data sets are given in Figure 3.
The bandwidth was chosen automatically by the
program; in the case of BV-1, the bandwidth was
4.87 m and in the case of BV-2 it was 5.11 m. Both
densities are very inhomogeneous with several
modes. In the data from borehole BV-1, a strong
left asymmetry can be observed with a strong mode
of around 30 %. Kernel densities for the BV-2 data
are more symmetrical, the main mode is around
23 % with two other smaller modes around 13 %
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Table 1. Carbonate concentrations from borehole BV-1 expressed as mass ratio of CO, in mass % - digitized data from
GRIMSICAR & OCEPEK (1967)

Depth [m] CO, [%] | Depth [m] CO, [%] | Depth [m] CO, [%] | Depth [m] CO, [%] | Depth [m] CO, [%]
0.66 8.0 21.96 12.8 41.61 8.8 64.14 11.2 78.43 16.8
1.49 19.2 22.46 15.2 42.44 8.0 64.97 29.6 80.42 5.6
231 28.8 23.78 10.4 43.60 9.6 66.30 1.6 81.59 20.8
3.63 28.8 24.61 8.0 44.59 9.6 67.46 34.4 82.75 20.8
4.46 27.2 25.60 4.0 46.07 1.6 68.13 2.6 84.08 0.8
5.61 29.6 26.42 6.4 46.90 3.2 68.29 0.8 84.74 1.6
6.44 24.8 28.07 9.6 47.39 6.4 69.62 28.0 85.24 7.2
7.60 29.6 29.72 6.4 48.22 4.0 71.12 1.6 87.5% 15.2
8.42 31.2 30.72 12.0 48.88 8.8 71.28 32.0 88.23 27.2
9.74 28.0 3171 3.2 50.37 29.6 71.95 28.0 88.73 23.2

10.57 136 32.37 9.6 51.85 5.6 72.61 1.6 89.90 27.2
12.39 22.4 33.69 9.6 52.84 14.4 73.44 29.6 90.40 320
13.54 3.2 34.51 8.8 53.50 1.6 74.11 1.6 90.89 17.6
14.37 3.2 35.67 4.8 56.66 1.6 74.61 0.8 92.39 11.2
15.19 1.6 36.33 10.4 bT.16 1.6 75.44 4.8 93.05 19.2
16.35 2.4 36.83 12.8 58.65 11.2 76.10 0.8 95.21 38.4
17.17 3.2 37.65 9.6 60.48 2.4 76.44 24.0 99.20 38.4
18.50 4.0 38.31 9.6 63.31 25.6 77.60 16.0

19.65 28.5 40.46 10.4 63.64 19.2 77.93 0.8

Table 2. Carbonate concentrations from borehole BV-2 expressed as mass ratio of CO, in mass % - digitized and recalculated

data from Ponar (1978)

Depth [m] CO, [%] | Depth [m] CO, [%] | Depth [m] CO,[%] |Depth [m] CO,[%] |Depth [m] CO, [%]
1.00 34.5 33.75 14.5 60.23 15.0 79.48 1.7 101.38 43.4
2.61 32.9 34.35 21.7 60.43 11.1 79.88 13.9 101.49 42.3
2.1 26.7 35.26 22.8 61.54 10.6 82.08 18.9 101.99 1.7
7.53 36.8 35.56 16.2 62.44 18.9 82.98 19.5 102.39 25.1

15.47 4.5 36.56 27.8 63.04 26.2 83.89 23.9 102.90 37.3
17.38 5.0 37.567 8.9 63.54 21.2 85.49 20.1 103.20 12.3
17.68 30.6 40.58 1.1 63.94 18.9 86.29 24.5 103.70 25.6
18.38 22.3 41.99 41.2 64.64 18.9 86.69 26.7 104.51 30.1
20.39 26.7 42 .45 41.8 65.45 18.4 88.10 23.4 105.51 20.1
20.69 26.2 43.49 7.8 65.55 26.2 88.50 25.6 105.72 278
21.09 24.5 43.79 38.4 66.25 19.5 88.70 25.6 106.42 35.6
22.40 38.4 44.80 44.0 67.25 1.7 88.90 17.8 106.93 22.3
22.90 40.1 45.00 35.1 70.46 11.1 89.10 39.0 107.33 31.2
23.30 12.3 46.00 3.3 72.36 20.1 89.60 21.7 107.53 32.3
23.71 11.1 47.10 14.5 72.76 11.1 90.00 21.2 108.34 0.0
25.31 16.7 47.71 9.5 73.16 21.2 92.12 21.2 108.74 21.7
25.92 26.7 48.51 8.4 73.56 13.4 92.32 2.2 109.85 29.0
26.22 16.2 48.61 20.1 74.27 23.9 95.34 12.8 110.85 23.4
26.82 10.0 49.71 16.7 75.47 17.8 97.96 32.3 111.06 39.0
27.62 8.9 50.51 22.3 76.17 11.1 98.76 43.4 111.86 1
28.53 10.0 51.71 26.7 76.47 13.4 99.77 31.7 113.98 41.2
28.83 33.4 53.42 22.8 76.97 10.0 100.18 43.4 114.38 37.9
29.63 22.8 56.12 40.1 77.57 17.8 100.38 32.9 115.39 40.1
30.54 40.7 57.73 3.3 78.47 123 100.98 29.0

3335 12.3 59.43 22.3 78.88 14.5 101.18 31.2

Table 3. Table 4.

Calcimetry data in CO, mass ratio [%] from
boreholes BV-1 and BV-2 - descriptive statistics

Distance between data in the vertical column [m] from boreholes
BV-1 and BV-2 - descriptive statistics

Descriptive BV-1 BV.2 Descriptive |Distance between data in the vertical column [m]
statistics statistics BV-1 BV-2
Numerus 93 123 Numerus 92 122

Min 0.8 0.0 Min 0.17 0.10
Max 38.4 44.0 Max 3.99 7.93
Median 10.0 21.7 Median 0.83 0.70
Average 13.6 22.1 Average 1.07 0.94
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Figure 2. Calcimetry from boreholes BV-1 (GrimSi¢ar & OCEPEK, 1967)
and BV-2 (Ponar, 1978) expressed as mass ratio of CO, in mass %
along borehole depth - digitized data
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Figure 4. Kernel densities of At; between adjacent data of irregular
CO, mass ratio time series in boreholes BV-1 and BV-2

50

and 40 %. The basic statistical characteri-
stics of both data sets are shown in Table 3
where a greater range of CO, concentrations
can be observed in borehole BV-2 (44.0 %)
than in borehole BV-1 (37.6 %). Asymmetry
of the data from BV-1 is also reflected in the
comparison between the average (10.0 %)
and the median (13.6 %). In contrast, the
BV-2 values of the average (21.7 %) and
median (22.1 %) are very close.

In analyses of unevenly spaced time se-
ries, it is crucial to understand the empiri-
cal distribution of the time differences At,
between adjacent data x;, x;,; in the series.
These differences indicate the sampling in-
terval distribution of the original time se-
ries which is supposed to be continuous.
Both empirical distributions represented in
Figure 4 are again asymmetrical to the left
and, from Table 4, it can be seen that the
ranges and central tendency measures are
different for the two data sets. In the cal-
culation, a bandwidth of 0.5 m was chosen
based on a comparison between different
representations of the kernel densities. It
can be concluded that empirical sampling
interval distributions for boreholes BV-1
and BV-2 are not the same and the infor-
mation content in the original time series
reconstruction is not the same.

Reconstructed time series with equally
spaced data are given in Figure 5. Both
time series were reconstructed based on the
minimum interval between adjacent data
in the original, unevenly spaced time series.
In borehole BV-1, the minimum interval is
0.17 m and in borehole BV-2 the mini-
mum interval is 0.10 m. Therefore the to-
tal number of data points in the reconstruc-
ted BV-1 time series is 586 and in borehole
BV-2 it is 1155. Based on the maximum
entropy principle, the parameter a in the
weighted influence function was determi-
ned for borehole BV-1 as 1.45 and for bore-
hole BV-2 as 1.60.

The autocorrelation function of the re-
constructed time series from both boreholes
is represented in Figure 6. The autocorrela-
tion function was calculated on the recon-
structed time series where the average was
subtracted and the linear trend removed.
The same procedure was used for the po-
wer spectrum calculation. In the diagram,
the lag 7 in the autocorrelation function is
represented as vertical and given as the di-
stance reflecting the depth of the boreholes.
We can observe that the autocorrelation
function for the data of borehole BV-1 is
slowly declining, approaching zero corre-
lation at a lag of 10.0 m. The shape of the
autocorrelation function between 0.0 m lag
and 10.0 m lag can be described with an ex-
ponential decay function r=0.97exp(-0.307)
with a correlation coefficient for the fitted
exponential model of 0.86. The autocorre-
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Figure 5. Reconstructed time series of CO, mass ratio time series in mass
% along the borehole depth of BV-1 and BV-2
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Figure 6. Autocorrelation diagrams of CO, mass ratio time series in mass
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lation function of the reconstructed time
series from borehole BV-2 has a different
shape from the BV-1 data series, sho-
wing a stochastic process with periodi-
city. The autocorrelation function of the
BV-1 data series approaches zero corre-
lation at a lag of 4.2 m, but rises again
from a lag of 7.0 m onwards, reaching a
correlation coefficient of 0.19 at a lag of
12.3 m, which is significantly different
than a zero autocorrelation based on the
Box-Jenkins test. This type of autocor-
relation function represents periodicity
of the BV-2 time series with a period of
around 12.3 m.

The structure of reconstructed BV-1
and BV-2 time series in the frequency do-
main is given by the power spectrum in
Figure 7. Both power spectra are rather
similar with some important differences
reflected and observed in the above au-
tocorrelation functions. In the BV-2 po-
wer spectrum, significantly higher valu-
es can be observed between frequencies
0.086 m™* and 0.095 m™' showing periodi-
city with periods between 10 m and 11 m.
For both power spectra P, a best fit power
model was calculated. For the spectrum
from borehole BV-1, the best-fit line is
P =0.16f*! with a correlation coefficient
of 0.86 and for the spectrum from bore-
hole BV-2, the best-fit line is P = 0.14f *?
with a correlation coefficient of 0.84.
The regression line fits well with values
at higher frequencies, while at lower
frequencies the regression line is higher
than empirical data showing that the
complete spectrum is inclined from low
to higher frequencies.

Discussion

In our interpretation of calcimetry
data from boreholes BV-1 and BV-2 in
the Ljubljansko barje, we attempted to
reach two goals. The first goal was to re-
construct and prepare a time series for
data published in the original papers
(GrimSICAR & OCEPEK, 1967; PoHAR, 1978)
allowing reliable statistical analyses to
be carried out. The second goal was to
reveal possible stochastic processes that
may have been responsible for genera-
ting the two time series. Reconstruction
of the stochastic process can be very use-
ful in the study of sedimentary processes
as well as other related natural condi-
tions as is the case for climate changes.

In the statistical analysis of une-
venly spaced time series, two general
approaches can be used. In the first ap-
proach, the missing data between exi-
sting data points in the time series are
interpolated with various mathematical
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interpolation functions. In the second approach,
the analysis is performed on existing data without
interpolation. These procedures are usually based
on the assumption that an empirical time series
is a sample of a stationary stochastic time series
generating process. Such a procedure consists of a
variogram calculation and its inversion to an au-
tocorrelation function or spectrum of the process
(DicGLE, 1990). During our statistical analysis a
serious attempt was made to calculate the vario-
gram. Further work in this direction is needed,
especially in relation to the empirical sampling
distribution reflected in the time differences be-
tween adjacent data points.

In our statistical analyses, we have used inter-
polation, the approach usually adopted in cyclo-
stratigraphy (Weepon, 2003), but the literature
rarely reports the exact interpolation procedures.
Therefore, we have introduced our own model of
weighted influence function which is based on the
assumption that the time series has some autocor-
relation structure and can be described with some
weighted inverse function of parameter a which
relates influence to the distance At from the origi-
nal data point. The model of weight W, was ex-
pressed mathematically as W= (At)“. Again, in the
selection of the correct and most useful parameter
a, several approaches can be followed. We have
tried several approaches based on a parametric
moment comparison. In such an approach, we
compare parametric moments of the original, une-
venly spaced time series with the reconstructed,
evenly spaced time series, based on the hypothe-
sis that moments in both time series should be
similar. However, it was realised that the analysed
time series of BV-1 and BV-2 are very dissimilar
and other criteria were needed. We have adopted
the maximum entropy approach assuming that the
maximum amount of information contained in the
entropy is also the maximum information required
for our analysis. In selection criteria based on the
statistical moment comparison, further research is
needed as well as better theoretical underpinnings
for the maximum entropy approach.

In spite of the fact that statistical tests for the
stationarity of the time series were not performed
(e.g. CromweLL et al., 1994), it can be seen from
their data and from their graphical presentation
in Figure 2 that they probably do not represent
a sample from a stationary stochastic process. At
the same time, data and their time series represen-
tation show that time series from boreholes BV-1
and BV-2 are dissimilar and that they do not origi-
nate from the same time series generating sto-
chastic process. This conclusion is in accordance
with a sedimentological interpretation (VErBIC &
Horvar, 2009) and with a core age interpretation
(SercELI, 1966). Based on these interpretations,
borehole BV-1 goes only to the beginning of Wiirm
and borehole BV-2 goes to Mindel. Sedimentation
in the region of borehole BV-1 is more related to
a lacrustrine and swampy environment and only
occasionally to river sedimentation. In BV-2 there
have been more events and the environment has
changed more frequently from a lacrustrine to ri-
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ver environment. Our goal here is not to discuss
the causes for the relatively large differences be-
tween two boreholes in relatively close proximity,
but the differences in sedimentation are reflected
also in the calcimetry time series and their stati-
stical structure is revealed by our modelling.

From the autocorrelation function and from the
spectrum of borehole BV-2 (Figure 6 and Figu-
re 7), we can find some periodicity with a length
between 10.0 m and 12.5 m. This periodicity is
probably related to climatic fluctuations well
known for the Quaternary Period. At this stage of
our knowledge, when the sediment depth of bore-
hole BV-2 is not very well related with age, it is
not possible to discern what type of periodicity it
is. Again, uncovering of this periodicity is reflec-
ted in frequent changes in sedimentation environ-
ment in borehole BV-2, as detected from the core
description (VErBIC¢ & Horvar, 2009). Comparing
both autocorrelation functions we find that bore-
hole BV-1 has much longer memory effects than
borehole BV-2. And the decline of autocorrelation
function can be described with an exponential
curve. This is typical for a time series with long-
term memory processes and is known as the Hurst
effect (BErAN, 1994).

The spectrum of both boreholes (Figure 7) is
rather typical of so-called coloured noise or 1/f
noise. The time series literature abounds with
discussions about different noise types and their
causes. Various basic and popular accounts can be
found in the literature (e.g. MaNDELBRODT, 1982,
1997; PerceEN et al.,, 1992). Especially relevant
is the discussion about climatic time series (e.g.
WunshH, 1999) and their proxies. Various noise
types can be found in the time series of different
natural phenomena. In our discussion about the
presence of coloured noise in the BV-1 and BV-2
time series, we just wish to highlight several open
questions without going into details. We have left
open many of the questions for future research.

If we neglect the periodicity of the BV-2 time
series, the shape of the BV-1 and BV-2 spectra in
greater part resembles so-called red noise that re-
flects a random walk process. A regression fit of the
power model to a BV-1 reconstructed time series
shows that power is very near a value of -2 which
is typical for red noise. The parameter for BV-2 is
far from the typical red noise value; however it is
in the range reported for fractal Brownian motion
(e.g. Srrar & Liv, 1995). In both diagrams, the po-
wer spectrum at lower frequencies is lower than
the power spectrum in the predicted red noise
power line. On the left part of the diagrams, values
of power spectrum at lower frequencies are rela-
tively flat, declining to the right where the power
spectrum at higher frequencies is present. In the
BV-1 spectrum, values go flatter to the right than
in the BV-2 spectrum. If the spectrum is comple-
tely flat, this is the sign of a so-called white noise
spectrum that reflects a completely uncorrelated
random stochastic process. From the BV-1 and
BV-2 spectra, we can anticipate that in both cases
at lower frequencies, white noise is predominant
and at higher frequencies it transfers to red noise.
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Transition from white noise at lower frequencies
to red noise at higher frequencies is typical of the
so-called Lorentz power spectrum (e.g. TsALLISs,
1999).

The identification of the periodicity, red noise
and white noise components in the concentrations
of CaCO, based on the CO, mass ratio time series
in the sedimentation profile at the locations of
boreholes BV-1 and BV-2 on the Ljubljansko barje
are interesting phenomena that were previously
unknown. However, it not only has mathemati-
cal meaning from a data reduction point of view,
it also has implications for the understanding of
sedimentation processes in relation to climatic
fluctuations during the Quaternary Period. CaCO,
dynamics varies between the BV-1 and BV-2 bore-
holes. The sedimentation processes of CaCO, were
more complex in the latter borehole.

Sedimentation processes in the BV-1 borehole
can be described with a model consisting of three
parts. The first part is completely random and be-
longs to long-term trends along the whole bore-
hole. The second part is represented by a periodic
component with a wavelength between 10.0 m and
12.0 m; this is part of the fluctuations is probably
related to climatic fluctuations. The third part
is related to long term memory effects at higher
frequencies. We can interpret the third part in
the way that small scale fluctuations of CaCO,
concentrations have long term memory effects
whereas on the shorter time scale, sedimentation
conditions of CaCO, in the sedimentation space
are very similar. As we move away in time from a
particular time point, conditions become less and
less similar; however the similarity declines only
very slowly.

The BV-1 borehole time series can be described
with a model in two parts. The first part consists
of a completely random process as in the case of
borehole BV-2. The second part of the model has
long term memory effects that are more profound
than in borehole BV-2. The similarity between
adjacent data also declines very slowly along
time. In this case, it is estimated that no similarity
exists after an interval of 10.0 m in the sedimenta-
tion column.

Conclusions

Based on the published calcimetry data from
two boreholes, BV-1 (north of Podpec¢) and BV-2
(south of Crna vas), which statistically represent
unevenly spaced time series, an auxiliary time se-
ries with equally spaced data was reconstructed.
Reconstruction was performed with the help of a
weighted influence function where the best para-
meter was estimated with the help of the maximum
entropy principle. Reconstructed time series were
analysed in the time domain with an autocorrela-
tion function and in the frequency domain with
a power spectrum. For both boreholes, our inter-
pretation was that part of the signal consisted of
a completely random signal represented by white
noise while another part came from a long term

memory effect represented by red noise. In the
BV-1 borehole, a periodicity component can also
be detected, probably reflecting influences from
climatic fluctuations in the Quaternary Period
during ongoing sedimentation.

Many questions remain open. Several of them
relate to the statistical techniques used in the
analysis of unevenly spaced time series. They are
related to sampling distribution, stationarity of
the parent stochastic process, the parameter se-
lection process and the selection of appropriate
statistical tests. Many of these questions can be
answered with simulated stochastic processes.
From a geological point of view, the statistical
analysis must be related in greater detail to other
geological information in the area of Ljubljansko
barje and also to the available information about
general conditions in the Quaternary Period. Si-
milar analysis must be performed on other avai-
lable data sets in the region. Unfortunately the
BV-1 and BV-2 boreholes are currently the only
boreholes from Ljubljansko barje with compre-
hensively published data, in spite of the fact that
many boreholes have been drilled in the area.
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